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Abstract. To program a crossbar array, we need to adjust the resistor conductance using a limited number of 
control signals, which are voltages applied to the crossbar lines. Since the number of lines is significantly smaller than 
the number of resistors, this is a multi-step procedure. At each step, the conductances of the selected resistors are 
adjusted. The number of such resistors is no greater than the number of control signals. This inevitably changes the 
conductivity of some half-selected resistors, too. These unwanted changes must be compensated for. We examined a 

crossbar programming procedure using high-frequency piecewise-constant control signals. Our analysis involved a 
simple resistive element model. We demonstrated that an arbitrary (within known limits) conductance matrix can be 
programmed. At each step, a row or column of the crossbar array is generated or adjusted. We discussed the feasibility 
and convenience of such a procedure.  
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1. Introduction 

Large crossbar arrays can become the basic 

building blocks of neuromorphic systems. They 

perform vector–matrix multiplication, the most 

computationally intensive operation in neural 

computing. The values of the multiplier matrix 

elements are represented by the conductances of the 
crossbar array resistors [1]. To use he same crossbar 

array for multiplication by different matrices, the 

resistors must be variable and controllable. 

Memristors are variable resistors whose resistance 

changes based on current [2-4]. They are commonly 

used due to their simplicity, compact size, and low 

energy consumption. 

Programming large crossbar arrays is a 

challenging problem [1, 5]. It is impossible to 

control each resistor individually since their number 

is huge. In crossbars, two conductors connect to not 

one but multiple resistors. In crossbars, each 
conductor connects to multiple resistors, not just 

one. Therefore, a step-by-step programming 

procedure is required. With each step, a row or 

column of the crossbar is programmed. Using 

constant (more precisely, unipolar) voltage signals 

for crossbar programming leads to significant 

difficulties: the conductances of both selected and 

many half-selected resistors are affected. The 

direction of these undesirable changes varies for 

each half-selected resistor, making it difficult to 

compensate for them. These difficulties are often 
circumvented by assuming a threshold behavior of 

the conductance [2, 3, 6]. However, this does not 

work in real life. Nature does not always meet the 

expectations of scientists. 

To achieve easily compensable changes in half-

selected resistors, we can apply a modulated high-

frequency signal to program the crossbar [7]. The 

use of high-frequency harmonic signals for crossbar 
programming is discussed in [8, 9]. It is shown that 

for unidirectional variable resistors, applying 

alternating harmonic voltages as control signals 

allows for programming virtually any (within 

certain limits) crossbar. 

Other periodic high-frequency signals can also 

be used. Such signals should be sufficiently simple 

to generate to be practical. Piecewise-constant 

signals stand out as they can have only a few values. 

We studied the application of such signals to 

crossbar programming. We assumed that applying a 

single period of the control voltage produces an 
insignificant change in the variable resistor’s 

conductance; multiple periods are required to 

program the crossbar (i.e., change the resistor 

conductance). It means that a high-frequency signal 

is needed. The signal values must be both positive 

and negative. Otherwise, it is a unipolar signal 

similar to a constant signal in its effect. We also 

assumed that the variable resistor is represented by 

a simple resistor element model [10]. 

2. Crossbar Programming 

Equations 

The conductivity G and resistance R=1/G of a 

simple resistor element are expressed by only one 

state variable x: G=G(x). We assumed that the state 

variable ranges from 0 to 1. The high-resistance 
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state (x = 0) corresponds to the maximum resistance, 

and the low-resistance state (x = 1) corresponds to 

the minimum resistance. The change in the state 

variable is described by equation [10] 

 
𝑑𝑥

𝑑𝑡
= 𝐹(𝑥, 𝑢),  (1) 

where u is the voltage applied to the resistor. Note 

that, in general, the right-hand side of equation (1) 

depends on both the resistor voltage u and current I. 

Using Ohm’s law (it can be applied to resistors by 

definition) 

 𝑢 = 𝑅(𝑥)𝐼  (2) 

we can express I in terms of u and x as equation (1). 
Let us express the function F () as 

𝐹(𝑥, 𝑢) = 𝐹0(𝑥) + 𝐹+(𝑥, 𝑢) + 𝐹−(𝑥, 𝑢)      (3) 

Where the term 𝐹0(𝑥) = 𝐹(𝑥, 𝑢 = 0) describes the 

spontaneous change of the resistor toward its high-

resistance state in the absence of any control signal; 

the term 𝐹+(𝑥, 𝑢) = 𝜃(𝑢)(𝐹(𝑥, 𝑢) − 𝐹0(𝑥)) 

represents the tendency of the state variable x to 

increase under a positive voltage; the term 

𝐹−(𝑥, 𝑢) = 𝜃(−𝑢)(𝐹(𝑥, 𝑢) − 𝐹0(𝑥)) represents the 

tendency of x to decrease (accelerated relaxation) 

under a negative voltage. (Here 𝜃(𝑥) is the 

Heaviside function).  

If F+(x,u) (F-(x,u)) vs. x weakly depends on u, 

we can use factorization: 

𝐹+(𝑥, 𝑢) = 𝐹𝑥
+(𝑥)𝐹𝑢

+(𝑢), 𝐹−(𝑥, 𝑢) = 

= 𝐹𝑥
−(𝑥)𝐹𝑢

−(𝑢),          (4) 

As a result, we obtain the following function F: 

𝐹(𝑥, 𝑢) = 𝐹0(𝑥) + 𝐹𝑥
+(𝑥)𝐹𝑢

+(𝑢)+ 

+ 𝐹𝑥
−(𝑥)𝐹𝑢

−(𝑢)   (5) 

The functions of a single variable 

𝐹0(𝑥), 𝐹𝑥
±(𝑥), 𝐹𝑢

±(𝑢) and the function G(x) are 

called characteristic functions of a resistor. 

The characteristic functions 𝐹𝑥
±(𝑥), 𝐹𝑢

±(𝑢) are not 

unambiguously defined by equations (4). Let us 

assume that the functions 𝐹𝑥
±(𝑥) are normalized to 

unity, i.e., they are equal to 1 at characteristic points 

(at one of the boundary points). 

. The characteristic functions 𝐹0(𝑥), 𝐹𝑥
±(𝑥) 

define how quickly a resistor’s state changes during 

programming and erasing, depending on its current 

state. It is natural to assume that they are continuous 

on [0,1], positive on (0,1), and satisfy the following 

relations: 

𝐹0(0) = 0, 𝐹𝑥
+(0) = 1, 𝐹𝑥

+(1) = 

 =  0, 𝐹𝑥
−(0) = 0, 𝐹𝑥

−(1) = 1  (6) 

A typical example of such functions: 

 𝐹0(𝑥) = 𝑓𝑥𝛾0(1 − 𝑥)𝛾1 , 𝐹𝑥
+(𝑥) =

          =  (1 − 𝑥)𝛽+ , 𝐹𝑥
−(𝑥) = 𝑥𝛽− ,                (7) 

where 0, +,  are positive; 1 is non-negative; f 

is a positive coefficient. Note that for 1>0 we have 

F0(1) = 0, and for 1=0, F0(1) = 1. 

The characteristic functions 𝐹𝑢
+(𝑢), 𝐹𝑢

−(𝑢)  
define the relationships between the rate of change 

of the state variable x and the positive or negative 

voltage applied to the resistor, respectively. The 

most typical type of functions 𝐹𝑢
±(𝑢) is an exponent 

function defined on the respective semi-axes: 

 𝐹𝑢
+(𝑢) = 𝐴+𝜃(𝑢)𝑢𝛼+ , 𝐹𝑢

−(𝑢) = 

=  − 𝐴−𝜃(−𝑢)(−𝑢)𝛼−   (8) 

with positive coefficients A± and values ±. 

Let a periodic piecewise constant voltage u(t) be 

applied to the variable resistor. Let us denote uk, 

k=1,…, K as the voltages, and Tk as the duration of 
the voltage application during one period T. The 

change in the resistor’s state during one period of 

the control signal (voltage) according to equation 

(1) and considering equation (3) can be expressed as 

 𝑥(𝑡 + 𝑇) − 𝑥(𝑡) = 𝐹0(𝑥)𝑇 +
+ ∑ 𝐹+(𝑥, 𝑢𝑘)𝑇𝑘𝑘,𝑢𝑘>0 + ∑ 𝐹−(𝑥, 𝑢𝑘)𝑇𝑘𝑘,𝑢𝑘<0    (9) 

We are interested in slow (averaged over the 

signal period) changes in the resistor’s state (we 

neglect small fluctuations of the state variable 

within the period due to their insignificance when a 

high-frequency signal is applied). For such changes, 

the equation is 

 
𝑑𝑥

𝑑𝑡
=

𝑥(𝑡+𝑇)−𝑥(𝑡)

𝑇
= 𝐹0(𝑥) +

+ ∑ 𝐹+(𝑥, 𝑢𝑘)𝜏𝑘𝑘,𝑢𝑘>0 + ∑ 𝐹−(𝑥, 𝑢𝑘)𝜏𝑘𝑘,𝑢𝑘<0  (10) 

where k=Tk/T is the fraction of time when uk is 

nonzero. 

Equation (10) was obtained without assuming 

the factorizability of equation (4). Let us recall that 

for harmonic signals [7], factorization is required to 

obtain a correct equation. If we apply factorization 

to this case, equation (10) can be expressed as 

 
𝑑𝑥

𝑑𝑡
= 𝐹0(𝑥) + 𝐹𝑥

+(𝑥)𝑀+ + 𝐹𝑥
−(𝑥)𝑀−, (11) 

where 𝑀+ = ∑ 𝐹𝑢
+(𝑢𝑘)𝜏𝑘𝑘,𝑢𝑘>0 , 𝑀− =

=  ∑ 𝐹𝑢
−(𝑢𝑘)𝜏𝑘𝑘,𝑢𝑘<0  are the values that represent 

the responses to positive and negative voltages, 

respectively. 

The second term on the right-hand side of 

equation (10) or (11) is positive, while the first and 

third terms are negative. Therefore, the right-hand 

side of equations (10) and (11) can be either positive 
or negative. Considering the properties of the 

characteristic functions expressed in (6), we obtain 

that when x = 0, the right-hand side of equation (11) 

is positive, and when x = 1, it is negative. This 

means that the equilibrium point equation (11) is 

 𝑃(𝑥) = 0,   (12) 

where P(x) is the right-hand side of equation (11) (or 

(10) in a more general case), always has a solution 

within the (0,1) range. For real-life (and not too 

exotic) characteristic functions, this is the only 

solution. Let us denote it as xst. According to (11), 
for x<xst, dx/dt>0, and for x>xst, dx/dt<0. Equation 

(11) describes the monotonic approach of the state 

variable x to the equilibrium point xst. The 

approximation rate is P(x). The rate characterizes 

the efficiency of crossbar programming using a 

piecewise-constant high-frequency signal. 

The equilibrium point equation (12) used in 
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equation (11) can be expressed as 

𝐹𝑥
+(𝑥)𝑀+ = −𝐹0(𝑥) − 𝐹𝑥

−(𝑥)𝑀−. (13) 

Usually, the crossbar programming rate is higher 

than the rate of spontaneous relaxation. Therefore, 

the term F0(x) in the programming equation and 

equilibrium point equation can be neglected. The 

resulting equilibrium point equation is 

 
𝐹𝑥

−(𝑥)

𝐹𝑥
+(𝑥)

=
𝑀+

−𝑀−.   (14) 

Under reasonable assumptions, the left side of 

equation (14) increases indefinitely starting from 0 

as the variable x changes from 0 to 1. The right side 

is a positive number for a given signal u(t). The 

value of 𝜇 = 𝑀+ (−𝑀−)⁄ = 𝑀+ |𝑀 − |⁄  defines 

the position of the equilibrium point. For 0 

xst0, and for ∞ xst. Usually, xst() is 

monotonically increasing. 

For characteristic functions (7), equation (14) 

takes the form 

 
𝑥𝛽−

(1−𝑥)𝛽+
= 𝜇.   (15) 

This equation has a unique solution in the (0, 1) 

range. An explicit expression for xst can only be 

obtained for certain exponents. For example, for 

𝛽+ = 𝛽− = 𝛽 we obtain 

 𝑥𝑠𝑡 =
𝜇1 𝛽⁄

1+𝜇1 𝛽⁄ .   (16) 

We also get more cumbersome explicit 

expressions for xst for +=2- and 2+=. The xst() 

relationships for different values of +, - are 

similar. This comes from the fact that when <<1 

(refer to equation (15)), it follows that 𝑥𝑠𝑡 ≈ 𝜇1 𝛽−⁄ , 

and when >>1, we have 𝑥𝑠𝑡 ≈ 1 − 𝜇−1 𝛽+⁄ . 

To assess the effect of spontaneous relaxation, 
we substituted expressions (7) into equation (13). 

The resulting equation is 
𝑥𝛽−

(1−𝑥)𝛽+
= 𝜇 −

𝑓

−𝑀− 𝑥𝛾0(1 − 𝑥)𝛾1−𝛽+(17) 

It differs from equation (15) by an additional 

negative term on the right-hand side, proportional to 

𝑓 |𝑀−|⁄ . The effect of this term is an effective 

reduction of , i.e., a shift of the equilibrium point 

to the left (towards the boundary point x=0). In 

particular, for 𝛾0 = 𝛽+ = 𝛽− = 𝛽, 𝛾1 = 0, we obtain 

a simple expression 

𝑥𝑠𝑡 =
𝜇̂1 𝛽⁄

1+𝜇̂1 𝛽⁄ , 𝑤ℎ𝑒𝑟𝑒 𝜇̂ =
𝑀+

−𝑀−+𝑓
=

𝜇

1−𝑓 𝑀−⁄
,   (18) 

similar to expression (16), but with a 

renormalized . 

In real-life applications, the crossbar 

programming rate should be sufficiently high to 

avoid the effects of spontaneous relaxation of the 
resistor state during the process. In equations (10) 

and (11), the first term on the right-hand side can be 

discarded. The change in the resistor’s state is 

defined by 𝑀+, 𝑀− (or similar values if equation 

(10) is not factorized). The ratio of these values 

defines the steady state of the resistor when the 

control signal is applied. 

How do signal parameters affect 𝑀+, 𝑀−, i.e., 

the programming? The signal parameters are the 

non-zero voltage levels uk, k=1,…,K and the relative 

durations of these voltages k, k=1,…,K. The right-

hand sides of equations (10) and (11) vary linearly 

with k, but their dependence on the voltage levels 

uk may be nonlinear. There are usually extensive 

options for adjusting the programming rate and the 

position of the equilibrium point. Let us consider 

these options for the simplest signal with two non-

zero voltage levels. It is feasible to use such signals 
for crossbar programming. 

3. The Simplest Control Signal 

Let a periodic piecewise constant voltage with 

two non-zero levels, positive and negative, be 

applied to the variable resistor. We denote them as 

u+ and u-. Let us denote the respective relative 

periods of voltage application as +, -. Then 

equation (10) takes the form 

 
𝑑𝑥

𝑑𝑡
= 𝐹0(𝑥) + 𝐹+(𝑥, 𝑢+)𝜏+ + 𝐹-(𝑥, 𝑢-)𝜏-.(19) 

For constant u+, u-, there is no need to assume 

the factorizability of the functions F+(), F-(). It is 

sufficient to know only their dependence on x for a 

given value of the second argument. However, if we 

want to use signals with different amplitudes, we 

also need to know the dependence of F+(), F-() on 

the second argument. Assuming the validity of 

decompositions (4), we arrive at equation (11), 

where   

𝑀+ = 𝐹𝑢
+(𝑢+)𝜏+, 𝑀- = 𝐹𝑢

-(𝑢-)𝜏-, (20) 

The values 𝑀+, 𝑀- are proportional to +, - 

respectively, and their dependencies on u+, u- are 

represented by characteristic functions. These 

dependencies can be obtained by analyzing the 

simplest signal. For this, we need to fix three of the 

four signal parameters and change only one: u+ or u-

. By measuring the programming rate at different 

values of the variable parameter, we can determine 

the type of the characteristic function. 

By changing u+, u- voltages simultaneously 

(provided that their ratio is constant), we can check 

whether 𝑀+, 𝑀-vary uniformly as the signal 

amplitude changes. If the exponential characteristic 

functions (8) have identical exponents: +=-, 

 does not depend on the signal amplitude, and the 

position of the equilibrium point is virtually 

independent of the amplitude. For linear 

characteristic functions 𝐹𝑢
+(𝑢), 𝐹𝑢

-(𝑢) (+=-=1), 

each of the 𝑀+, 𝑀- values depend linearly only on 

its combination of u++, u--. In this case, the number 

of signal parameters affecting the programming 

process is reduced to two. 

If we want to simplify the control signal even 

further, additional constraints should be introduced. 
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For a signal with a zero mean value, the condition is 

 𝑢+𝜏+ + 𝑢-𝜏- = 0.   (21) 

If such a relationship exists, we have a signal 

with amplitude u+ (or -u-) with its shape defined by 

+, -. The positions of the constant intervals within 

the signal period are irrelevant. If the characteristic 

functions 𝐹𝑢
+(𝑢), 𝐹𝑢

-(𝑢) are linear, 𝑀+, 𝑀- depend on 

a single combination of the u++ parameters. This is 

not so if the 𝐹𝑢
+(𝑢), 𝐹𝑢

-(𝑢) functions are nonlinear on 

the respective half-axes. We can use this difference 
to determine whether the characteristic functions are 

nonlinear. 

The additional constraints that simplify the 

signal are as follows. 

 𝑢- = −𝑢+   (22) 

 𝜏+ = 𝜏-    (23) 

 Note that for a signal with a zero mean value, 

one of the equalities (22) and (23) implies the other. 

In the next section, the signals that satisfy conditions 

(22) and (23) are used to program the crossbar. For 
such a signal, there are only two independent 

parameters that determine 𝑀+, 𝑀- and, 

consequently, the crossbar programming rate (the 

rate of change in the resistor’s conductivity). 

According to (19), (20), in this case 

𝑃(𝑥, 𝑢0, 𝜏) = 𝐹0(𝑥) + 𝐹+(𝑥, 𝑢0)𝜏 +
           + 𝐹-(𝑥, −𝑢0)𝜏,                                                      (24) 

𝑀+ = 𝐹𝑢
+(𝑢0)𝜏, 𝑀- = 𝐹𝑢

-(−𝑢0)𝜏,      (25) 

𝑃(𝑥, 𝑢0, 𝜏) = 𝐹0(𝑥) + 𝐹𝑥
+(𝑥)𝐹𝑢

+(𝑢0)𝜏 +
           + 𝐹𝑥

-(𝑥)𝐹𝑢
-(−𝑢0)𝜏,        (26) 

where =+=- is the duty ratio, and u0=u+=-u- is the 

signal amplitude. Since P(x, u0,) is the right-hand 

side of the programming process equation 

(considering its dependence on the signal amplitude 

and its duty ratio). Equation (26) applies to the case 

when functions F+(x,u), F-(x,u) are factorized, and 

equation (24) applies to the general case. There is no 

fundamental difference between these cases. For 

certainty, we will use equation (26), and on the 

right-hand side of the equality, we can discard the 

first term that represents spontaneous relaxation. 

4. Crossbar Array Programming 

Procedure 

The crossbar resistor 𝑅𝑗
𝑖 connects the ith word 

line to the jth bit line. Voltage sources apply 

potentials to the lines. The voltage applied to the 

resistor 𝑅𝑗
𝑖 is 

 𝑢𝑗
𝑖 = 𝑉𝑖 − 𝑉𝑗 ,   (27) 

where V i,  Vj are the potentials of the ith word 

line to the jth bit line. 

Suppose the following potentials are applied to 

the lines: 

 

𝑉𝑖≠𝑘(𝑡) = 0,

𝑉𝑘(𝑡) = 𝑉0𝜎(𝑡 𝑇⁄ ),

𝑉𝑗 (𝑡) = 𝑉0𝜎(𝑡 𝑇⁄ + 𝛿𝑗),

  (28) 

where k is the index of the selected row, V0 is the 

amplitude of the signals; j is the phase shift 

(0≤j<1), (y) is a periodic piecewise constant 
function with period 1, for which 

𝜎(𝑦) = 1,0 < 𝑦 < 1 2⁄ ,

𝜎(𝑦) = −1, 1 2⁄ < 𝑦 < 1
  (29) 

(The values of the function at the points of 

discontinuity are irrelevant). Function (y) is a 

piecewise constant equivalent of the sine function. 

It can even be defined using the sin() function: 

 𝜎(𝑦) = 𝑠𝑖𝑔𝑛(sin(2𝜋𝑦))  (30) 
where sign() is the sign function. 

The distribution of potential represented by 

equation (29) means that a standard signal is applied 

to the kth word line, while the other word lines are 

grounded. Signals obtained from a standard signal 

by a phase shift (in the time domain) apply to the bit 

lines. The phase shift is specific to each bit line. 

Resistors connected to the kth word line are selected.   

The voltage distribution across the crossbar 

resistors according to (27), (28) is as follows. 

𝑢𝑗
𝑖≠𝑘(𝑡) = −𝑉0𝜎(𝑡 𝑇⁄ + 𝛿𝑗),

𝑢𝑗
𝑘(𝑡) = 𝑉0(𝜎(𝑡 𝑇⁄ ) − 𝜎(𝑡 𝑇⁄ + 𝛿𝑗))

 (31) 

The half-selected resistors are affected by the 

simplest signals that satisfy conditions (22) and 

(23). The essential parameters of these signals 

=1/2, u0=V0 are identical for all half-selected 

resistors. 

The voltages applied to the selected resistors are 

also the simplest signals satisfying conditions (22) 

and (23). For them, u0=2V0, but the parameter  

depends on the phase shift: for resistor 𝑅𝑗
𝑘 it is equal 

to 

 𝜏𝑗 = 𝑚𝑖𝑛(𝛿𝑗 , 1 − 𝛿𝑗)  (32) 

When j changes from 0 to 1/2, the parameter j 

increases linearly from 0 to 1/2, and when j changes 

from 1/2 to 1, the parameter j decreases linearly 

from 1/2 to 0. To obtain the full range of the 

parameter  variation, it is sufficient to consider half 

of the phase shift range. Assuming that  0≤j≤1/2, 

according to (32) we obtain 

𝜏𝑗 = 𝛿𝑗   (33) 

Let us express equations to represent the resistor 

state changes under voltages (31), assuming that the 

crossbar resistors are identical, the baseline state of 
the resistors is xb, and small deviations from the 

baseline state x-xb are used for crossbar 

programming. Using equation (26), we get 
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𝛥𝑥𝑗
𝑖≠𝑘 = 𝑃(𝑥𝑏 , 𝑉0, 1 2⁄ )𝑡𝑟 =

= (𝐹𝑥
+(𝑥𝑏)𝐹𝑢

+(𝑉0) + 𝐹𝑥
-(𝑥𝑏)𝐹𝑢

-(−𝑉0))
𝑡𝑟

2
,

𝛥𝑥𝑗
𝑘 = 𝑃(𝑥𝑏 , 2𝑉0, 𝛿𝑗)𝑡𝑟 =

= (𝐹𝑥
+(𝑥𝑏)𝐹𝑢

+(2𝑉0) + 𝐹𝑥
-(𝑥𝑏)𝐹𝑢

-(−2𝑉0))𝑡𝑟𝛿𝑗

 (34) 

(where tr is the programming period). Half-selected 

resistors experience an identical change in their 

states, independent of the phase shifts. Unlike that, 

selected resistors change their states by an amount 

proportional to the phase shift, provided that the 

proportionality coefficient is not zero. 

To avoid changes to the states of half-selected 

resistors, we can select a baseline state identical to 

the steady state under a standard signal (first 
equation (32)): xb=xst(u0=V0). In this case, for half-

selected resistorsx0. The steady state under 

voltage applied to the selected resistors should differ 

significantly from the baseline state: xbxst(u0=2V0). 

Otherwise, changes in the states of the selected 

resistors would be insignificant. As we showed in 

Section 3, such an unfavorable case occurs when the 

characteristic functions 𝐹𝑢
+(𝑢), 𝐹𝑢

-(𝑢) change 

similarly along their semi-axes. The values +, - 

are equal for exponential characteristic functions. 

Here, xst(u0=V0)=xst(u0=2V0) (spontaneous 

relaxation is discarded), so it is not possible to avoid 

affecting half-selected resistors by selecting an 

appropriate baseline state. 

When the baseline state is arbitrary, the changes 
to the states of half-selected resistors must be 

compensated for. For this, we can apply a constant 

voltage between all word and bit lines: 

 
𝑉𝑖(𝑡) = 𝑉0,
𝑉𝑗 (𝑡) = 0.

   (35) 

The voltage V0 and the period of its application tr2 

(second programming step) must satisfy the 

condition: 

(𝐹𝑥
+(𝑥𝑏)𝐹𝑢

+(𝑉0) + 𝐹𝑥
-(𝑥𝑏)𝐹𝑢

-(𝑉0))𝑡𝑟2 =

=  𝑃(𝑥𝑏 , 𝑉0, 1 2⁄ )𝑡𝑟 =

=  (𝐹𝑥
+(𝑥𝑏)𝐹𝑢

+(𝑉0) + 𝐹𝑥
-(𝑥𝑏)𝐹𝑢

-(−𝑉0))
𝑡𝑟

2
.

 (36) 

The polarity of the constant voltage depends on 

the selected baseline state. When xb<xst(u0=V0), the 

voltage V0 must be negative, and when 

xb>xst(u0=V0), it must be positive. 
After two programming steps, we have the 

following changes in the states of the resistor    

𝛥𝑥𝑗
𝑖≠𝑘 = 0,

𝛥𝑥𝑗
𝑘 = (𝐹𝑥

+(𝑥𝑏)𝐹𝑢
+(2𝑉0) +

+𝐹𝑥
-(𝑥𝑏)𝐹𝑢

-(−2𝑉0))𝑡𝑟𝛿𝑗 −

−(𝐹𝑥
+(𝑥𝑏)𝐹𝑢

+(𝑉0) + 𝐹𝑥
-(𝑥𝑏)𝐹𝑢

-(−𝑉0))
𝑡𝑟

2
.

      (37) 

As a result, the states of the half-selected 

resistors remain unchanged, while the changes in 

the states of the selected resistors linearly depend on 

the phase shifts. The full range of changes in the 

state of the selected resistor for a phase shift change 

from 0 to 1/2, depends on the relative positions of 

the states xb, xst(u0=V0), xst(u0=2V0). In a typical 

case, xb<xst(u0=V0)<xst(u0=2V0), the zero change of 

the state for the selected resistor is within the 

available range x. Since the programming time tr 

is arbitrary, we can use any (small) value x. 

In this way, arbitrary (within reasonable limits) 

changes to the states of the resistors in the selected 

crossbar line can be made. By repeating this 

procedure for each word line, we can program the 

crossbar. Both row-wise and column-wise 

programming processes are possible. Actually, the 

names like “rows” and “columns” or “horizontal” 
and “vertical” are only conventional. Rotate the 

crossbar by 90 degrees to turn rows into columns, 

and columns into rows. 

We can try to change multiple crossbar lines by 

applying the simplest signal to them (as described 

in (28)). Such signals may have phase shifts relative 

to each other. However, in this case, we cannot 

arbitrarily change the states of the selected resistors 

because the number of control parameters is 

insufficient. Only some special cases can be 

achieved. 

5. Conclusion 

Arbitrary conductance matrices can be 
generated by applying simple high-frequency 

piecewise-constant signals. Programming a pristine 

crossbar is a multi-step process: at each step, a 

single row or column is programmed. After initial 

programming, the crossbar requires only minor 

adjustments to individual rows or columns. 

 The convenience and the very possibility of 

using high-frequency signals for crossbar 

programming depend on the characteristic functions 

of the resistors. In particular, the most favorable 

conditions are when the function 𝐹𝐼
+(𝐼) grows faster 

than the function −𝐹𝐼
-(−𝐼) as the current I 

increases [7]. In this case, the entire range of resistor 

states is available in principle, and it is easy to 

obtain both positive and negative x values. 

Otherwise, the available range is smaller, there are 

fewer baseline state options, and the programming 

time increases because large currents cannot be used 

to obtain positive x offsets. For the 

𝐹0(𝑥), 𝐹𝑥
+(𝑥), 𝐹𝑥

-(𝑥) functions, we assumed that 

conditions (6) are satisfied. If not, high-frequency 

signals may not be used. However, conditions (6) 

seem quite natural and were even tested 

experimentally [6,10]. 
The programming procedure and its 

prerequisites are similar for piecewise-constant and 

harmonic signals [8]. The question arises: which 

signal is more convenient in real-life applications? 

On the one hand, harmonic signals are familiar to 

radio engineers and compatible with AC circuitry 
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(primarily capacitors), so we can build on the 

extensive experience in linear RF circuits (for 

example, we can use various frequency ranges to 

separate programming and reading). On the other 

hand, the use of piecewise-constant signals enables 

more precise and convenient control over the 

programming process. Unlike a harmonic signal, a 

piecewise constant signal does not necessarily have 

a zero mean. In particular, a constant signal is well 

compatible with a piecewise constant signal, since it 
is a special case of the latter. For piecewise-constant 

signals, the result of programming depends linearly 

on the phase shift (Eq. (37)), in contrast to the 

nonlinear dependence for harmonic signals [8]. 

With this, the phase shifts can be found faster and 

more accurately. Moreover, for advanced digital 

electronics, the generation of piecewise-constant 

signals is not too complex. 

Piecewise-constant signals are also convenient 

for analysis and simulation. For given signal values, 

it is sufficient to know the rate of change of the 
resistor state only at these voltages; to obtain simple 

estimates, the factorizability of the right-hand side 

of the programming equation is not required. There 

are no problems with modifying the signal 

waveform, which can be used to identify nonlinear 

properties of the characteristic functions. The 

waveform of a harmonic signal is fixed. We can use 

a sum of harmonic signals [11], but this is a more 

complicated approach. Note that any signal can be 

approximated by a piecewise-constant signal. 

However, this is of no practical use, since with a 

large number of signal levels, simplicity as its main 

advantage is lost. For crossbar programming, the 
simplest piecewise-constant signal consists of two 

nonzero values applied for equal time intervals. The 

simplicity of this signal suggests promising 

practical applications for the proposed crossbar 

programming method. 
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government contract granted to Scientific Research 
Institute for System Analysis of the National 

Research Centre Kurchatov Institute, Russian. 
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